Consider the second order nonlinear neutral differential equation with delays:
Ž . on 0, ϱ , where q t g C 0, ϱ , f y g C yϱ, ϱ , q t G 0, yf y ) 0 whenever y / 0, 0 -p -1, ) 0, ) 0. For any continuous function Ž . w x Ž . Ž . Ž . t defined on y, 0 , s max , , Eq. 1 has a solution y t w . Ž . Ž . extendable on 0, ϱ satisfying the initial condition y t ' t for t g w x w x Ž . Ž . y, 0 ; see, e.g., Hale 11 . A solution y t of 1 is oscillatory if it has w . arbitrarily large zeros; i.e., for any t g 0, ϱ there exists t G t such that Ž . We shall consider a class of nonlinear functions f y satisfying f Ј y G 0 and certain nonlinear conditions typified by the Emden᎐Fowler equation 
H
The purpose of this paper is to prove analogous results of Theorems A and B for the neutral differential equation with delays in the form of Ž . Eq. 1 .
As a general reference on oscillatory theory for neutral differential w x equations, we refer to Gyori and Ladas 10 . Oscillation theorems foŕ w x second order neutral equations were discussed by Ladas et al. 14, 15 and w x Ž . Graef et al. 8, 9 . In the delay differential case, i.e., Eq. 1 when p s 0, w x reference should also be made to Ladde et al. 16 . Extensions of Atkinson and Belohorec oscillation theorems to more general nonlinear differential w x equations were given in earlier papers by this author 18, 19 and Coffman w x w x and Wong 5 . They were also extended to include delay equations in 20 w x and to forced equations in 21 . These results were further extended by w x w x more recent papers of Nasr 17 and Das and Misra 7 .
Ž .
2. In this section, we shall prove that condition 5 is necessary and Ž . Ž . sufficient for the oscillation of 1 if the nonlinear function f y satisfies Ž . the superlinear condition 3 .
Ž . fying yf y ) 0 whene¨er y / 0, f Ј y G 0 for all y and also condition 3 .
Ž . Ž . Then Eq. 1 is oscillatory if and only if 5 holds.
Ž . Proof. To prove sufficiency, let y t be a nonoscillatory solution of 1 .
Ž . Since yf y ) 0 whenever y / 0, we may without loss of generality assume Ž . Ž . that y t ) 0 for all t G t G 0, where t depends on the solution y t . Ž . In the first case i , we find
Ž . which shows that z t cannot be eventually negative. In the second case
Ž . again shows that z t cannot be eventually negative. In particular, this Ž . rules out l -0. Thus we must have l G 0, which implies that z t must be Ž . eventually positive; i.e., there exists t# G t G 0 such that z t ) 0 for all 0 Ž . Ž . t G t#. Otherwise, since lim zЈ t s l G 0 and zЈ t is nonincreasing, t ªϱ Ž . Ž . we must have zЈ t -0 for all sufficiently large t. As z t cannot be Ž . Ž . Ž . eventually negative, there exists t G t# such that z t ) 0, so z t G z t ) 0.
Ž . Ž . Ž . We therefore have z t ) 0, zЈ t ) 0 and zЉ t F 0 on an open interw . Ž . Ž Ž val t#, ϱ for some t# sufficiently large. Since f Ј y G 0, we have f y t y .. Ž Ž .. Ž . G f z t y for all t G t# q and we find Eq. 1 implies the Ž . second order differential inequality for z t , 0 s zЉ tt f y t y G zЉ tt f z t y 7 
On the other hand, using 13 in
12 we find < < < < Ty t y Ty t F p y t y y y t y Ž .
Ž . Ž . Ž . proves the sufficiency party of Theorem 2. Ž . To prove that condition 15 is also necessary for the oscillation of Eq. Ž .
Ž . 1 , we assume that condition 5 fails and proceed to establish the existence of a nonoscillatory solution. In this case, we choose t sufficiently 0 large such that Ž .
short and y t s t for all t g I . We shall prove that this solution is 0 Ž . Ž . Ž . nonoscillatory. In fact, yЈ t s Ј t s and we shall show that yЈ t Ž .
Since s y y t q G 0 for all s G t so I G 0. Furthermore, since 
We first assume that m G and show that M F . Once again 4. In this final section, we close with some remarks concerning the results proved in the previous sections and pose some open problems for further research.
Ž . a The proofs for Theorems 1 and 2 used explicitly the assumption that p, , and are positive constants. It is easy to check that these proofs remain valid if any or all of p, , and become zero. Thus, Theorems 1 and 2 are true extensions of Alkinson and Belohorec theo-Ž . rems for the Emden᎐Fower differential equation 2 .
Ž . b It should be noted that neither the superlinear condition 3 nor Ž . the sublinear condition 4 was required in the necessity part of the proofs Ž . for Theorems 1 and 2. Moreover, the superhomogeneous condition 14 was also not used in the necessity part for the sublinear Theorem 2. .Ž .
Ž . Ž . so f y satisfies 14 and Theorem 2 is applicable.
